We reconsider the original argument, based on the virial theorem, by which Zwicky was first led to conjecture the existence of a missing mass, and point out that, without any justification, he neglects the contribution of the forces due to the matter lying outside the considered system, Now, it is true that the contribution of the outer mass to the virial vanishes if the gravitational field is taken in the Newtonian approximation. However, according to general relativity in the weak field approximation, the gravitational potential has to be taken at the retarded time. This fact introduces into the force an additional term which, quite unexpectedly, turns out to act as a pressure. Its contribution to the external virial is estimated. With the simplest assumptions, an extremely good agreement with the observations is found for the Coma cluster considered by Zwicky. Furthermore, it is found that the contribution of the outer matter increases linearly with the linear dimension of the system. This seems to be in qualitative agreement with the fact that the mass defect is known to increase with the scale of the considered system, from galactic objects to superclusters of galaxies.
a system S composed of n points. For Clausius S is a gas in a box, for Zwicky it is the Coma cluster, whose "points" are galaxies (or nebulae, in his words), immersed in the Universe. From Newton's second law m i a i = F i , i = 1, . . . , n, taking the dot product with q i (the position vector of the i-th particle with respect to the center of mass of the system S), adding over i and performing a time average, under the hypotyhesis that the system remains confined one immediately obtains
where
i is the total translational kinetic energy of the system, whereas V = i F i · q i is the virial of the forces, and overline denotes time-average. Now, one has F i = F is the force exerted by external bodies, namey, by the walls of the box confining the gas in the case of Clausius, and by the matter external to Coma in the case of Zwicky. In the case of Clausius one has F int i = 0 for a perfect gas, and in any case the virial of the internal forces is considered to be negligible with respect to the external one. In turn, the virial of the external forces is related to the pressure, and so from the virial theorem one obtains the thermodynamic interpretation of the translational kinetic energy as proportional to temperature. In the case of Coma, instead, Zwicky doesn't make any mention of the external forces at all, and considers only the internal ones, which he takes decaying as 1/r 2 according to Newton's law. He thus finds, as in the case of gases, that |V int | is just a negligible fraction of 2K, and so he is led to introduce the conjecture that some non observed mass may exist, and in a relevant quantity. Now, why should the external virial V ext be neglected at all? We claim instead that V ext is largely prevailing over V int , as in the case of gases, and that it even balances −2K, so that there may be no need to introduce any missing mass at all.
Following the familiar procedure of general relativity in the weak-field approximation (see the classical textbooks [Landau and Lifshitz (1961) ] and [Weinberg (1972) ]), we compute at first order the perturbation h µν to the Minkowski metric η µν induced by the standard energy-momentum tensor describing a free particle (the source), namely
where M and q are the mass and the position vector of the source particle, u µ its four-velocity, γ −1 = 1 − v 2 /c 2 with v the velocity of the source particle, and δ is the usual "Dirac delta function".
It turns out that h µν satisfies the d'Alembert equation, so that it contains the position and the velocity of the source particle at the retarded time. The only interesting quantity is h 00 , because it is well known that the dominant contribution to the force per unit mass on a test particle (in the approximation of a slow motion of the test particle) is given by −(c 2 /2) ∂ k h 00 . One finds
where G and c are the gravitational constant and the speed of light, q and v are the position and the velocity of the source particle, evaluated at the retarded time t ret (x, t). The latter is the solution of the equation
Notice that the potential h 00 we are considering is, apart from the factor 1 −
(which will turn out to be somehow irrelevant), just the same one that had been introduced since the work of Einstein on the precessione of the perihelion of Mercury. The only difference is that, at variance with the case of Mercury, the velocity of the source (now a distant galaxy in place of the Sun) is not negligible, so that we cannot "confine ourselves to the case where the motion of the matter generating the gravitational field is but slow (in comparison with the velocity of the propagation of light)", and this compels us to take retardation into account. From the analytical point of view, this amounts to the fact that, in taking the gradient of the potential, the dependence on x now comes about not only directly, but also indirectly through the retarded time t ret (x, t). This produces the relevant new terms which had been neglected up to now.
Indeed, the field f, i.e., the force per unit mass on a test particle f = F/m, is now the sum of several terms, the dominant part being
namely the sum of the Newtonian field and of an additional field, which turns out to be given by
The relevant, and perhaps unexpected fact, is that such an additional fild acts as a pressure and not as a tension, if one assumes that the velocity v of the source particle (namely, of a particle external to the considered system) is directed as −(x − q), according to Hubble's law, so that one has
The computation of the field (4), (5) is obtained through the familiar procedure by which the Liénard-Wiechert field is deduced in electrodynamics (see [Landau and Lifshitz (1961) ]). One only has to recall
where n is the unit vector pointing from q to x, namely
The Newtonian term and the additional one are obtained by neglecting the derivative of v 2 at the numerator, and neglecting the denominator in the derivative of t ret . Such further terms are indeed found to give a negligible contribution to the external virial.
In the weak field approximation, the total field will just be the sum of the terms (4) over all particles j external to the system. Finally, one has to compute the corresponding virial, by evaluating the force at the position q i of the i-th internal particle, taking the dot product with q i and adding over i.
We assume the outer mass to be spherically symmetric about the center of mass of the considered system S. Then one easily checks that the Newtonian field gives a vanishing contribution to the external virial. We discuss now the contribution given by the additional term (5). We assume that the outer matter follows Hubble's law, i.e., that
where H 0 is the Hubble constant. The quantity of interest is the "external virial for unit mass of the system",Ṽ ext , which is defined bỹ
where M int = i m i is the total mass of the considered system S. Through simple calculations one finds
where M j is the mass of the outer particle j, whereas L the linear dimension of the system, and α is a form factor of the order of unity, which depends on the distributions of the points inside the system. For example, for a distribution which decays exponentialy with the distance one has α = 1/3. The problem is now to estimate the sum
over the outer particles. This is in fact a problem of a cosmological character, because the sum diverges for an infinite homogeneous Universe. The simplest choice consists in taking the outer matter to be homogeneous and extending up to a cutoff radius R. Estimating the sum through an integral one thus
where ρ 0 is the actual density of the Universe. According to ([Peebles and Ratra (2003) ]), this is estimated as
where Ω 0 ≃ 0.1 is a dimensionless parameter. This gives
where R 0 is the "radius of the Universe", defined by
In the spirit of the virial theorem (having altogether neglected the internal virial), one then has to compare −Ṽ ext with 2K/M int , namely with
However, according to Zwicky, such an expression can to a rather good approximation be considered as representing the velocity dispersion
which doesn't involve any mass at all, and is the actually observed quantity. In the words of Zwicky (see ([Zwicky (1937) ]), pages 231-232): ""Assuming this to be true also for the Coma cluster, il follows that the mass-weighted means of v 2 and the straight means are essentially the same." So we have to compare |Ṽ ext | with the velocity dispersion (1/n) i v 2 i . Making for the cutoff distance the natural choice R = R 0 , one finds
The result now depends on the choice for H 0 . For example, taking the value H 0 = 70 Km sec −1 /Mpc, and for L (the dimension of Coma) the value chosen by Zwicky, namely L = 0.6 Mpc, with α = 1/3 one obtains 4, 2 10 5 Km 2 /sec 2 , which is very near to the measured dispersion as estimated by Zwicky, namely, 5 10 5 Km 2 /sec 2 . So we have shown that, taking retardation into account, the Newton gravitational force of the outer mass acts as a pressure, and is sufficient to reestablish, in a cluster of galaxies, a balance in the virial theorem. This means that the pressure of the retarded gravitational forces due to the outer matter produces the confinement of a cluster, in analogy with the way in which the pressure of the walls does confine a gas in a box.
Notice in this connection that the retarded additional field due to the outer mass, actually has the character of a far field, decaying as 1/r instead than as 1/r 2 , as is explicitly exhibited in formula (7). This is due to the fact that in the numerator of (5) there appears the velocity v j which, according to Hubble's law, increases as the distance, and so cancels one power of the distance in the denominator. This implies that the main contribution to the pressure comes from the far matter, and not from the near one, as one might perhaps have imagined. In fact, there are other far fields that enter in the force. They originate both from the factor 1 − v 2 (tret) 2c 2 which had been neglected, and from components of the metric tensor other than h 00 . It is easily seen, by a direct computation, that their contribution to the external virial is much smaller than the one just discussed. Indeed such contributions turn out to be proportional not to c (H 0 L), but to (H 0 L) 2 or to smaller quantities.
It was also pointed out that the contribution of the outer mass to the virial is proportional to L, the linear dimension of the considered system. This seems to be in qualitative agreement with the observations, because the mass defect is known to increase with the scale of the considered system, from galactic objects to superclusters of galaxies. This remark has a predictive character, because it entails that the velocity dispersion of a cluster should increase linearly with its dimension. On the other hand, the pressure discussed here should act (albeit with a much smaller intensity than in a cluster) also on much smaller systems such as galaxies. So it appears that it should be taken into account also in the discussions concerning the rotation curves of spiral galaxies.
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